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The modified relaxation time (MRT) function, which is based on a general linear viscoelastic formalism,
has several important mathematical properties that greatly simplify the analysis of relaxation processes.
In this work, the MRT is applied to the study of the relaxation damping peaks in deformed molybdenum
at high temperatures. The dependence of experimental data from these relaxation processes with tem-
perature are adequately described by a Havriliak–Negami (HN) function, and the MRT makes it possible
to find a relation between the parameters of the HN function and the activation energy of the process. The
analysis reveals that for the relaxation peak appearing at temperatures below 900 K, the physical mech-
anism is related to a vacancy-diffusion-controlled movement of dislocations. In contrast, when the peak
appears at temperatures higher than 900 K, the damping is controlled by a mechanism of diffusion in the
low-temperature tail of the peak, and in the high-temperature tail of the peak the creation plus diffusion
of vacancies at the dislocation line occurs.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Molybdenum, a group VI transition metal has a melting point of
2883 K, a high specific heat, and good corrosion and creep resis-
tance. The melting point of molybdenum is exceeded only by tung-
sten and tantalum, among the useful high-temperature metals.
Molybdenum is ductile at room temperature, with a brittle–ductile
transition temperature significantly lower than that of tungsten.
Molybdenum also has good strength at high temperatures, and is
less dense than tungsten and tantalum. In addition, it has a rela-
tively low thermal neutron cross section [1–3]. These qualities
make molybdenum attractive for the use in the nuclear industry
[4–7]. In fact molybdenum and its alloys are used, for example,
in nuclear reactor vessels and other reactor components, detectors
in control systems of Tokamak devices and recently they have at-
tracted interest as components for the development of space nu-
clear reactor power systems [4–6]. Over the past three decades
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there has been an increasing emphasis on the identification and
solution of problems associated with the materials for the con-
struction of a controlled thermonuclear reactor, in particular for
those which will be located closest to the plasma, the so-called
first-wall region. A broad range of alloys including austenitic stain-
less steels, ferritic–martensitic steels, refractory metals and tita-
nium alloys have been investigated in extensive international
materials testing programmes in order to identify candidate mate-
rials for reactor applications [7–9].

The temperature range about 0.3 Tm (Tm being the melting tem-
perature) usually related to the stage V of recovery is particularly
interesting in molybdenum; due to the large influence on the
mechanical properties of this metal and molybdenum alloys. In
fact, neutron irradiation of molybdenum at temperatures <1000 K
can result in irradiation embrittlement that is typically character-
ized by an increase in the ductile to brittle transition temperature,
from below room-temperature to values between 873 K and 973 K
following irradiation [10]. In the other hand, molybdenum or its al-
loys as part of nuclear components overcome mechanical stresses
and deformation which produce high amount of dislocations. The
interaction of dislocation with the defects produced by irradiation
is not well known at high temperatures and it can influence the
mechanical properties of molybdenum in this high temperature
range.
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Mechanical spectroscopy, also referred to as internal friction, is
a non destructive technique and is a fundamental tool for studying
the movement of dislocations and their interaction with point de-
fects [11,12]. It involves the simultaneous measurement of the
damping or internal friction, Q�1, and the elastic modulus as a
function of temperature.

We have reported recently that molybdenum exhibits a damp-
ing peak at about 800 K, which is developed in deformed samples
after annealing at temperatures above that of the vacancy migra-
tion [13,14]. The intensity of the peak depends on previous plastic
deformation and the crystal orientation. In fact, the peak is more
intense in sample with multiple slip systems. Once the peak is
developed the damping was amplitude independent. In addition,
the peak was not affected by a bias-stress and the activation en-
ergy increases, as the peak temperature increases with annealing
treatments. For instance, it increases from 1.6 eV for peak tem-
perature at around 840 K to 2.7 eV for a peak at 1000 K. Besides,
the shape of the peak when it appears at temperatures around
1000 K is markedly asymmetrical. Moreover, it has been proposed
that the vacancy-dislocation interaction mechanism is controlling
this peak [13,14]. Indeed, taking into account the important
change in the activation energy, and the change in shape of the
damping peak, it would be very interesting to know if the relax-
ation process is the same for the peak at low and high tempera-
tures. It also would be of great interest to discover whether the
activation energy is changing in the reported way, or there exists
more than one relaxation process involved in the peak. For in-
stance, one which appears at lower temperatures of about
840 K and another at higher temperatures. An analysis which al-
lows to discern the number of relaxation processes involved in a
mechanical spectroscopy peak will be, in general, of high interest
for bringing information on the dislocation dynamics in molybde-
num and their related energy losses in the temperature interval
of 0.3 Tm, in particular.

The modified relaxation time (MRT) function and its applica-
tions, derived from a general linear viscoelastic formalism (de-
scribed in Section 3), is a very useful tool to address the above
questions. It must be remarked that the procedure presented in
this work, is a novel way to analyse the relaxations peaks in de-
formed molybdenum at high temperatures, to understand the
physical mechanisms involved. The analysis of the results here
found for molybdenum could also be applied to other bcc refrac-
tory metals as tungsten, niobium or tantalum.
2. Theoretical background

The dynamical response of a linear viscoelastic material is usu-
ally described in terms of the complex modulus G* (or the complex
compliance J*) as functions of the circular frequency x and temper-
ature T. The complex modulus is generally presented in terms of its
real and imaginary parts, that is, G* = G0 + iG00, where G0 is the stor-
age modulus, G00 is the loss modulus, and i is the imaginary unit
[15].

It is well known that for each temperature T, G* can be com-
pletely determined given P(T, lns), the non-normalized distribu-
tion function of relaxation times s, together with the unrelaxed
modulus Gu(T), that is, the limit of G*(T,x) for x ?1

G�ðT;xÞ ¼ GuðTÞ �
Z 1

�1
PðT; ln sÞ dðln sÞ

1þ ixs
ð1Þ

The non-normalized distribution function P represents the contri-
bution to relaxation modulus of the relaxation times within the
interval (lns, lns + dlns). The relaxed modulus Gr is calculated from
Eq. (1) as
GrðTÞ ¼ G�ðT;x ¼ 0Þ ¼ GuðTÞ �
Z 1

�1
PðT; ln sÞdðln sÞ ð2Þ

The integral in Eq. (2) is usually called the relaxation magnitude
dG(T), which it is given by

dGðTÞ ¼
Z 1

�1
PðT; ln sÞdðln sÞ ¼ GuðTÞ � GrðTÞ ð3Þ

It is useful to define a dimensionless magnitude D, usually called the
relaxation strength, in terms of the characteristic parameters of the
modulus

DðTÞ ¼ dGðTÞ
GrðTÞ

ð4Þ

Also, a dimensionless distribution function of relaxation times may
be defined by

WðT; ln sÞ ¼ PðT; ln sÞ
Gr

ð5Þ

Finally, the internal friction (also called loss tangent) is defined as
the quotient between the imaginary and real part of the complex
modulus

Q�1ðT;xÞ ¼ G00ðT;xÞ
G0ðT;xÞ

¼ G00ðT;xÞ=GrðTÞ
G0ðT;xÞ=GrðTÞ

ð6Þ

In terms of the dimensionless distribution function, Eq. (5), Q�1 may
be written as

Q�1ðT;xÞ ¼

R1
�1WðT; ln sÞ xs

1þðxsÞ2
dðln sÞ

1þ
R1
�1WðT; ln sÞ ðxsÞ2

1þðxsÞ2
dðln sÞ

ð7Þ

Taking into account Eqs. (3)–(5) it is easy to see that the function W
is also a non-normalized distribution function, sinceZ 1

�1
WðT; ln sÞdðln sÞ ¼ DðTÞ ð8Þ

It should be pointed out that the internal friction obtained from the
complex modulus in Eq. (6) will take the same values, at the same
temperature and frequency, if it is derived from the complex com-
pliance, although the distribution function involved will be a differ-
ent one.

2.1. The Debye process

For the Debye process, a distribution function characterized by
an unique relaxation time, sD(T), is often employed to describe
relaxation processes; due to its conceptual simplicity. In this case

WðT; ln sÞ ¼ DðTÞdðln s� ln sDðTÞÞ ð9Þ

where d is the Dirac function. Therefore, Eq. (6) can be written, see
reference [12]

Q�1ðT;xÞ ¼ DðTÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ DðTÞ

p xstðTÞ
1þ ðxstðTÞÞ2

ð10Þ

with

stðTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ DðTÞ

p
sDðTÞ ð11Þ

On the other hand, if experimental data cannot be represented by a
single Debye process, different approaches have been developed for
the analysis [12,15]. The conventional tools for the analysis of com-
plex relaxation processes, usually based on distribution functions of
Debye relaxation times, are not easily applicable to experimental
results, since the problem is mathematically ‘ill-posed’. In conse-
quence, ad-hoc procedures for the fitting of measured data are usu-
ally employed, such as those based on Thikonov regularization
[12,15]. This work presents a different, novel way to represent the



372 C.L. Matteo et al. / Journal of Nuclear Materials 377 (2008) 370–377
internal friction and, therefore, re-analyze its characteristic
parameters.
3. The modified relaxation time (MRT) function

The internal friction represented by Eq. (7) can be written in a
different way. In previous works [16,17] it has been rigorously
demonstrated that the Q�1 can be expressed in terms of two func-
tions, K(T) and st(T,x) as follows:

Q�1ðT;xÞ ¼ KðTÞ xstðT;xÞ
1þ xstðT;xÞ½ �2

ð12Þ

where K(T) is the envelope function and st(T,x) is the modified relax-
ation time function (MRT function), indicated in Refs. [16,17] as the
integrated distribution function. As shown in these references, the
existence of these functions is guaranteed by the existence of
the tangent distribution function (TDF) U(T, lns) which allows the
internal friction to be expressed as a single integral, that is

Q�1ðT;xÞ ¼
Z 1

�1
UðT; ln sÞ xs

1þ ðxsÞ2
dðln sÞ ð13Þ

The TDF can be derived from Eq. (6), as it is demonstrated in the
Appendix of Ref. [16], as

UðT; ln sÞ ¼ lim
a!0þ

1
p

Q�1ðT; aþ i=sÞ � Q�1ðT;�aþ i=sÞ
h i

ð14Þ

leading to

UðT; ln sÞ ¼
WðT; ln sÞ 1þ

R1
�1

WðT;ln uÞ
1þðs=uÞ dðln uÞ

h i

p2

4 W2ðT; ln sÞ þ 1þ
R1
�1

WðT;ln uÞ
1�ðs=uÞ2

dðln uÞ
h i2 ð15Þ

This theoretical result has many important consequences (see, for
example Ref. [14]) and one of them is to validate Eq. (12). In fact,
for distribution functions with a single peak, it is easy to see that
the envelope function is the normalization of the TDF, that is

KðTÞ ¼
Z 1

�1
UðT; ln sÞdðln sÞ ð16Þ

In a measurement of internal friction as a function of frequency, at
constant temperature, which usually gives a single-peaked function,
K(T) represents simply the double of the peak value, since the loss
tangent takes its maximum value at the frequency where
xst(T,x) = 1. On the other hand, in a measurement of internal fric-
tion as a function of temperature at constant frequency, K(T) repre-
sents the envelope of the family of Q�1 vs. T curves, since
Q�1(T,x) 6 K(T)/2 for all x.

3.1. Analysis of thermally activated processes using the MRT function

The MRT function can be used to analyse the relaxation distri-
bution involved in thermally activated processes. Usually, the shift
of the peak temperature in the internal friction peaks with fre-
quency has been widely used to determine the activation energy
in this kind of processes [11,12]. In fact, assuming that the charac-
teristic relaxation time of the present distribution function de-
pends on temperature as

sðTÞ ¼ s0 expðH=kTÞ ð17Þ

and at the peak temperature is such that xs(T) = 1, the mean activa-
tion energy, H, can be obtained from the slope of the straight line
fitted to the data pairs frequency and temperature, evaluated at
the maximum in the Q�1 peak (ln (1/xp,1/Tp)) [11,12]. This proce-
dure is the so called Arrhenius plot [11,12]. In Eq. (17) k is the Boltz-
mann constant and s0 is the mean pre-exponential factor. However,
this procedure does not give any information about the distribution
function that describes the internal friction peak, and in particular,
whether there are or not several closely spaced relaxation times
around the principal one.

In order to show the advantages of the MRT formalism the
Havriliak–Negami (HN) parametrical expression for dynamical
modulus will be used. This is defined by [18,19]

G�ðT;xÞ ¼ GuðTÞ �
dGðTÞ

½1þ ðixs�ðTÞÞaðTÞ�bðTÞ
ð18Þ

This function has been used to generate different Q�1 vs. T curves, for
several frequencies and relaxation strength values. The values of a
and b are the characteristic parameters of HN function, while relaxa-
tion time s*(T) has been simulated by using Eq. (17) for different val-
ues of H. a and b are phenomenological parameters that described the
symmetrical and asymmetrical broadening of the peak, respectively.
In fact, these behaviours are related to the loss modulus, which could
lead to slightly differences in Q�1. For simplicity,a,b and D will be con-
sidered independent of temperature in the following cases. In addi-
tion, it is convenient to mention that a and b are introduced as
phenomenological parameters to describe the broadening of the
relaxation peak (in comparison to the Debye model) and in conse-
quence do not have, up to the present, a clear physical interpretation.

Fig. 1(a)–(c) shows a few typical cases of internal friction peaks
and the corresponding MRT functions vs. temperature curves. In all
cases it is evident that the MRT functions are independent of the
relaxation strength. The MRT functions show a linear behaviour
on both sides of the peak, but the slopes of the linear sections on
each side of the peak have a different dependence on the activation
energy and on the parameters of the HN function.

It should be highlighted that on the high-temperature side, the
slope of the MRT function, SH is found to be very close to
SH ¼ aH ð19Þ
and therefore it is independent of the value of b. In addition, on the
low-temperature side, the slope SL is found to be nearly equal to
SL ¼ abH ð20Þ
Eqs. (19) and (20) have been verified through extensive numerical
computations spanning all the physically meaningful range of the
variables a, b, D and H. This remarkable, novel result highlights
the usefulness of the MRT formalism for the analysis of experimen-
tal data of relaxation processes.

When b is different from 1, there is a change in the slope of the
MRT function, and the quotient between SL and SH is directly the
value of the parameter b. Moreover, both slopes are proportional
to the activation energy H. In the Debye case, that is, when a = 1
and b = 1, the function is a straight line and its slope is directly
the value of H, as it could be expected.

It should be emphasized that in the novel procedure for the
analysis of relaxation processes, described above, the MRT function
depends only on the dimensionless distribution function, Eq. (5),
and in consequence it is independent of the relaxation strength
and the relaxed modulus.

Moreover, for processes described by the Havriliak–Negami
function, the slope of the MRT, as a function of temperature at a gi-
ven frequency, is proportional to the shape parameters, a and b,
and the activation energy H. Therefore, the graphical representa-
tion of the MRT makes much easier identify the characteristic
parameters related to the shape and symmetry of the distribution
function of relaxation times involved in the process.

4. Experimental

4.1. Samples

The single crystals used in this work were prepared from zone
refined single-crystal rods of molybdenum in A.E.R.E., Harwell.
The high purity molybdenum crystals were prepared from a single



Fig. 1. Internal friction peaks (full symbols) and MRT functions (empty symbols) for the case of a HN function, with different relaxation strengths. Squares: D = 0.001, circles:
D = 0.01, triangles: D = 0.1. (a) Case b < 1. (b) Case b = 1. (c) Case b > 1.

Table 1
Sample descriptions

Sample type Orientation Elongation (%) Torsion (%)

I h110i 5 1
II h110i 3 1
III h149i 5 1

C.L. Matteo et al. / Journal of Nuclear Materials 377 (2008) 370–377 373
bach of ‘Amax Specialty Metals Corporation’ low carbon 3/8” diam-
eter rods. The specifications of this starting material were: C
0.004%, O2 0.0004%, H2 0.0001%, N2 0.0001%, Fe 0.002%, Ni 0,001%
and Si 0.002%. Samples with different orientations were prepared
from 6-pass zone refined molybdenum, which was decarburized
at 1873 K for 48 h and annealed at 2073 K for 3 h in a vacuum bet-
ter than 10�7 Torr. The total final content of (C, O, H, N, Fe, Ni, Si,
W) was under 10 at. ppm, the main residual impurity, being
tungsten.

The residual resistivity, RR, of the samples was about 8000. RR is
calculated from the ratio between the electrical resistivity value
measured at room temperature and the value of the electrical
resistivity measured at liquid helium temperatures. Samples with
the h110i and h149i crystallographic tensile axis were used to fa-
vour deformation by multiple and single slip, respectively. The
samples were sheets of 20 mm length, 0.2 mm thickness and
2 mm width. The samples were annealed at 1973 K during 24 h
and at 2273 K during three hours, both under high vacuum. Subse-
quently they were deformed in tensile at a constant speed of
0.03 cm/min, followed by torsion at room temperature. The char-
acteristics of the samples studied in this work are shown in Table
1. Single crystals, after plastic deformation and damping tests,
were checked by means of Laue photographs and metallographical
studies. Laue and light microscopy results indicated that the sin-
gle-crystalline state was not changed by the plastic deformation
or annealing to the work temperatures [14].
4.2. Mechanical spectroscopy measurements

Damping and natural frequency were measured in an inverted
torsion pendulum, under a vacuum of about 10�7 Torr. The equip-
ment can also apply a bias stress or ‘in situ’ deformation. The max-
imum strain on the surface of the sample was 5 � 10�5. The
maximum strain refers to the maximum value which is produced
in a rectangular bar under torsion for a given torsional angle. In-
deed a rectangular bar under torsion exhibits a non uniform distri-
bution on strain depending of the place on its rectangular section.
The iso-deformation zones are hyperbolae with a center shifted
from the center of mass of the rectangular section towards a ver-
tex. The maximum strain region is over the boundary parallel to
the larger edge of the rectangular section [20]. This non homogene-
ity in the field of strain (or stresses) during the torsional vibrations
does not produce effects on the measured damping since it is inde-
pendent of the amplitude of oscillation once the peak has devel-
oped [14,20].



Fig. 3. Damping as a function of temperature for a molybdenum sample of type I
(h110i orientation), after thermal cycles up to 1050 K (spectrum D) and 1230 K
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The measurement frequency was around 1 Hz except for the
determination of the frequency dependence of the peak tempera-
ture. The heating and cooling rates employed in the test were of
1 K/min. A heating ramp and its corresponding cooling run will
be called hereafter a thermal cycle. There was no hold time
between the heating and the cooling ramps once the maximum
temperature had been achieved, i.e. once that the maximum tem-
perature is achieved during the heating ramp, the cooling run
starts without annealing time at the maximum temperature.

During the thermal cycles, Q�1, was calculated from the slope of
the straight line which results from the least squares fitting of the
natural logarithm of all the decaying amplitudes (areas) versus
time [14]. For all these measurements the same initial and end val-
ues of the decaying amplitudes were used eliminating any possible
distortion due to amplitude-dependent damping effects [20].

The longest time employed for recording the decay during the
heating runs was shorter than 60 s. In fact, the recording time
was about 10 s in order to hold the ratio between the area of the
nth decaying oscillation, An, and the initial area of the starting
decaying oscillation, A0, at Q�1 values of about 0.01. Consequently
each measured damping point has an accuracy in temperature bet-
ter than 1 K. The temperature indicated in the Figures in the next
Section corresponds to a recorded value corresponding to the sam-
ple. The thermocouple is located in contact with the fixed grip of
the pendulum, machined in stainless steel, at 1 mm of the sample.
Previous calibrations of this lecture with respect to two other ther-
mocouples in contact with the samples, located at around 10 mm
and 20 mm from the other one, give a good agreement between
all lectures with a scattering less than 0.3 K for the heating rate
employed in the present work.

5. Results

Fig. 2 shows the damping spectra of a type III sample, in order to
show the general characteristics of the raw measured damping
experiments. During the first heating up to 973 K, after the room
temperature deformation, the sample showed an increasing back-
ground with temperature (see curve a, heating in Fig. 2). Neverthe-
less, on cooling a well developed internal friction peak at around
700 K was present (curve a, cooling). Successive thermal cycles
up to 973 K lead to the stabilisation of the peak temperature and
peak height, as seen in spectrum b of the same figure. However,
thermal cycles performed after annealing above 1200 K, lead to a
shift in the peak towards higher temperatures (curve c). In addi-
Fig. 2. Damping as a function of temperature for a molybdenum sample of type III
(h149i orientation) during different heating and cooling runs.
tion, it can be also inferred that the asymmetry of the peak
increases.

Samples of h110i orientation (types I and II, in Table 1) present
similar behavior. Fig. 3 shows the change in peak position (spectra
D and E in the figure) for a deformed sample of type I after anneal-
ing at two different temperatures 1050 K and 1230 K, respectively.
In all the samples, the activation energy for the relaxation peak in-
creases as the temperature of the peak increases. For peak temper-
ature at around 840 K the measured activation energy was 1.6 eV
and 2.7 eV for a peak at 1000 K. Values between 1.6 eV and
2.7 eV were obtained for intermediate temperatures of the relaxa-
tion. A detailed experimental study of the behaviour of the
mechanical spectra and activation energies as a function of anneal-
ing temperature and strain in the different kinds of samples was al-
ready reported in Refs. [13,14].

Fig. 4 shows the damping peaks for the samples of types I and II,
after background subtraction. Background subtraction was per-
formed by means of cubic polynomials [21]. Curves A, B and C cor-
respond to damping peaks obtained from a stabilised damping
spectrum measured in a type II sample at a natural frequency of
about 0.2 Hz, for thermal cycles with maximum temperatures of
1040 K, 1100 K and 1155 K, respectively; see reference [14]. The
resulting peak temperatures were around 900 K, 940 K and
960 K, respectively. Peaks labeled D and E correspond to the
(spectrum E).

Fig. 4. Internal friction peaks after background subtraction (symbols) for the mol-
ybdenum samples of h110i orientation (types I and II). Full lines represent the
numerical fitted peaks.



Table 2
Experimental and theoretical results for the studied relaxation peaks

Peak
name/
sample
type

AT
(K)

Tp

(K)
Q�1

p � 103 H
(eV)

a b Calculated

Tp

(K)
Q�1

p � 103

A/II 1040 880 10.3 1.8 0.58 ?1 880 10.7
B/II 1100 940 3.0 2.0 ?1 0.3 935 3.2
C/II 1155 960 1.7 2.75 ?1 0.12 960 1.9
D/I 1040 817 9.5 1.6 0.6 ?1 817 9.6
E/I 1230 949 9.8 2.1 ?1 0.25 949 9.8
b/III 973 780 6.5 1.6 0.7 0.7 780 6.5
c/III 1230 1018 4.8 2.7 ?1 0.3 1018 4.8

AT: annealing temperature, Q�1
p : damping value at the maximum, Tp: temperature

for the Q�1
p . a and b: parameters of the Havriliak–Negami function. H: activation

energy, taken from Ref. [14].
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sample of type I shown in Fig. 3 after background subtraction and
stabilization during thermal cycles up to temperatures of 1050 K
and 1230 K, respectively. In this figure we have summarized the
relaxation peaks measured in h110i samples in order to study
the response of the MRT formalism.

The calculated curves of the logarithm of the MRT as a function
of 1/kT (i.e. ln (st(x,T)) vs. 1/kT), corresponding to peaks in Fig. 4 are
given in Fig. 5. In this figure we have plotted part of the calculated
points with the MRT function for clarity. Curve corresponding to
the peak B has not been included for clarity, but it has a similar
behaviour to the plotted curves, E and C. Vertical arrows in the fig-
ure indicate the temperature Tp corresponding to the maximum
value of damping ðQ�1

p Þ. SH and SL indicate the slope at high-tem-
perature and low-temperature of the fitted straight lines (full
lines), as defined in Eqs. (19) and (20).

It has to be remarked that for curves A and D two linear zones
with the same slope were found in the MRT plot, in spite of the
scatter of the calculated data. For temperatures far from the peak
temperature the linearity is lost, as it could be expected due to
the error introduced in the data by the background subtraction
procedure. For this kind of behaviour of the MRT, it was shown
in Section 3.1 that the distribution functions of relaxation times
should be symmetrical. In contrast, for spectra B (not shown in
the figure), C and E two clearly linear zones with different slopes
were found. The behaviour of the MRT function indicates that these
relaxation peaks should be asymmetrical, in agreement with the
experimental results. Therefore, for these peaks it can be proposed
that at least two overlapped relaxations occur; where each one can
be described through its correspondingly distribution function of
relaxation times. It should be emphasized that in the calculation
of the MRT curves plotted in Fig. 5, no assumptions or restrictions
were made about the shape of the distribution function of relaxa-
tion times. The fact that these MRT functions appear to be linear on
both sides of each peak temperature, indicates that a HN model
may be applied, as described in Section 3, with the parameters a,
b and D being approximately constant with temperature, at least
in the temperature range encompassed by the internal friction
peak.

From the slopes of the straight segments fitted to the ln (MRT)
vs. 1/kT curves (full lines in Fig. 5); the parameters of the HN dis-
tribution function can be obtained by means of Eqs. (19) and
(20), as it was shown in Section 3.1. Table 2 gives the calculated
parameters for the HN function together with relevant experimen-
tal information related to each damping peak.
Fig. 5. Natural logarithm of MRT as a function of 1/kT for the peaks plotted in Fig. 4,
corresponding to samples of h110i type. Vertical arrows indicate the position of the
peaks on the 1/kT axis. Full lines indicate the linear zones in the MRT graphs, see
text. Also, SH and SL are defined in the text (Section 3).
The damping peaks calculated theoretically by means of Eqs. (6)
and (18) using the fitted parameters of the HN function are also
shown in Fig. 4 by means of full lines. The activation energy for
the calculation of Eq. (18), using Eq. (17), is the value that we ob-
tained previously from the usual Arrhenius procedure, see refer-
ence [14] and Table 2. The use of this value of the activation
energy for the HN function is supported by the fact that, even if
there is a distribution of relaxation times, the experimentally mea-
sured s(T) (Eq. (17)) corresponds to the mean value of the distribu-
tion function such that

sðTÞ ¼ lim
M!1

Z M

�M
sðT; ln xÞd ln x ð21Þ

The peak temperature and peak height for the calculated relax-
ations are also listed in Table 2.

As it can be seen from Fig. 4, the agreement between the exper-
imental and calculated peaks is good, indicating that the calculated
parameters of the HN function (a and b) are appropriate for
describing the relaxation peaks in molybdenum at temperatures
of about 0.3 Tm. Therefore, from the study of the behaviour of a
and b parameters as a function of temperature valuable informa-
tion can be obtained about the physical process controlling the
relaxation peaks.
Fig. 6. Damping peaks after the background subtraction (lower and left axis) for a
sample of type III and their corresponding ln(MRT) vs. 1/kT (upper and right axis).
Vertical arrows have the same meaning as in Fig. 5. Full lines over the peaks rep-
resent the numerical results. Full lines over the MRT graphs indicate the linear
zones, see text.
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Fig. 6, shows the damping peaks for the type III h149i sample
presented in Fig. 2 after background subtraction. Also shown in
the same figure are the logarithms of the MRT function for both
peaks, upper and right axis. Vertical arrows in the Figure indicate
the peak temperature for 1/kT axis. In this figure we have also plot-
ted part of the calculated points with the MRT function for clarity.

MRT results indicate that the peak at lower temperature is
slightly asymmetrical (b = 0.7) and the peak at higher temperature
is stronger asymmetrical (b = 0.3). This result can be also inferred
from the behavior of the straight lines in the logarithm of the
MRT curves. In addition, the re-constructed theoretically damping
peaks are also plotted by means of full lines, achieving a good
agreement between the theory and experimental data. Experimen-
tal points plotted in the figure for the damping peaks were 1 of
each 3 ones, for clarity.

6. Discussion

Fig. 7 shows the calculated a and b parameters as a function of
temperature for samples of I and II type (circles). It is interesting to
note that the peaks A and D were mainly symmetrical (b ? 1) but
broader (a < 1) than a Debye peak, in agreement with previous
works [13,14], where the half-width of the peaks was evaluated
by means of the traditional analysis [11,12]. Indeed, the peaks
which appear at temperatures well below 900 K, obtained during
annealing up to temperatures smaller than about 1100 K, can be
described by a symmetrical distribution function of relaxation
times, with an average activation energy represented by the value
obtained from the Arrhenius plot. In addition, a good agreement
was also found for relaxation peaks during thermal cycles up to
973 K in type I samples with a Q�1

p of about 20 � 10�3. This indi-
cates that the same physical mechanism occurs when the sample
is heated below 1100 K.

For peaks B, C and E (with Tp > 900 K), which correspond to sam-
ples heated above 1100 K, the a and b parameters are: b < 1 and
Fig. 7. Lower plot: Parameters of the HN function as a function of peak temper-
ature, Tp. Circles: samples of types I and II. Triangles: Samples of type III. Labels in
the Figure correspond to data in Table 2. Upper plot: Activation energy as a function
of Tp calculated from the Arrhenius plot, taken from Ref. [14].
a ? 1, revealing that the peaks are asymmetrically broadened. This
means that there is an overlapping of relaxation processes leading
to an asymmetrical broadening of the peak. Remember that a and b
are the phenomenological parameters that described the symmet-
rical and asymmetrical broadening of the peak, respectively and
that for a ? 1 does not lead to a Debye width when b 6¼ 1.

Moreover, C and E peaks which have close peak temperature
(�950 K) and very different relaxation intensities (by a factor
about 5) exhibit similar a and b parameters, indicating an effect
only on the relaxation strength, in agreement with the explanation
given above for the peak at lower temperature. However, the phys-
ical mechanism controlling these asymmetrical peaks at higher
temperatures is different to the physical mechanism giving rise
to the symmetrical peaks found at lower temperatures. This point
will be discussed more in detail in the next paragraphs.

Triangles in Fig. 7 correspond to the sample of III type. Despite
they are not fitting well in the calculated curves for the h110i sam-
ples, the h149i sample shows a similar behaviour. In fact, b de-
creases as the peak temperature increases and a increases as the
Tp increases, reaching a value close to 1 at elevated temperatures.
Therefore, for the h149i samples even in the lower temperature
peak the MRT method is indicating that at least two processes
are relaxing simultaneously. This is a remarkable result since in
the h149i samples peaks were unstable; i.e. they changed their
peak temperature and intensity during the thermal cycles [13,14]
which made very tedious the calculus of the activation energy at
lower temperatures for the h149i samples.

The discrepancy between the values found for the peak at lower
temperatures for samples h110i and h149i are related to a differ-
ent dislocation arrangement in each sample and to the problem of
non-stabilization of the microstructure in the h149i sample during
the thermal cycles up to temperatures lower than 1230 K, see ref-
erences [13,14]. For the peak at higher temperature, the a and b
values calculated for the h149i sample are more alike the obtained
in the h110i samples, being this difference controlled by the differ-
ent dislocation arrangement. In fact, h110i exhibited a larger quan-
tity of slip systems than h149i samples, which is oriented for single
slip. Consequently, as it was pointed out above, we will discuss in
more detail the results for the h110i samples; in the following
paragraphs.

The change in the a and b parameters as a function of peak tem-
perature calculated for h110i samples, seen in Fig. 7, reveals that in
a temperature interval of less than 40 K, the parameter a changes
by almost 100% and parameter b changes about one order of mag-
nitude. Consequently, it can be established that there exist two
relaxation processes in molybdenum in the temperature range of
0.3 Tm. The first relaxation process is related to the symmetrical
peak which appears between 820 K and 900 K, and the other to
the asymmetrical peak which appears at higher temperatures,
from about 950 K. The low-temperature peak is developed in de-
formed samples after annealing at temperatures above that of va-
cancy diffusion and the higher temperature peak appears at
temperatures near to 0.3 Tm [13,14].

In molybdenum the reported values [22,23] for the migration
energy of vacancies range between 1.35 eV 6 Hvm 6 1.60 eV. Tak-
ing into account the measured activation energy of 1.6 eV for the
lower temperature peak, we can relate this peak to the dragging
of vacancies by the dislocation line controlled by a diffusion mech-
anism. In contrast, when the peak appears at higher temperature,
results show that it is controlled by another mechanism. This
mechanism is consistent with the creation and diffusion of vacan-
cies in the dislocation line, in agreement with the activation energy
we measure for the high-temperature peak (2.7 eV). In fact, the self
diffusion energy for vacancies, Hsd can be written as the sum of the
formation energy (3.0 eV 6 Hvf 6 3.2 eV) [23,24] and migration
energy (1.35 eV 6 Hvm 6 1.60 eV). When the self diffusion is pro-
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duced in the core of the dislocation line the value is reduced by a
factor between 0.6 and 0.8. This results in activation energies in
the range 2.6–2.9 eV, very close to the 2.7 eV measured for the
high-temperature peak.

It is interesting to note that for the peaks at high temperatures
(about 950 K) the activation energy obtained from the Arrhenius
plot (see upper plot in Fig. 7) does not yet reveal clearly the appear-
ance of the mechanism of vacancy creation, because in the calcula-
tion of the activation energy its value is averaged over a range of
about 50 K and the contribution of the diffusive part could mask
the appearance of the vacancy creation mechanism.

The appearance of the mechanism of vacancy creation can ex-
plain also the strong asymmetry of the peak at higher tempera-
tures. During the heating run, within the temperature interval
corresponding to the low temperature tail of this peak, the relaxa-
tion process is controlled mainly by a diffusion mechanism. In con-
trast, for the high-temperature tail of the peak, the new vacancies
produced by the dislocation movement enhance the mobility of
dislocations, giving rise to a larger decrease in the damping values
as the temperature is increased. The enhancement of the move-
ment of dislocation due to vacancy creation has been recently
reported for magnesium in the range of 0.3 Tm [25].

Indeed, it should be highlighted, that the possibility of discrim-
inating the physical mechanisms (and their related parameters)
depending on the temperature interval, could be very useful, e.g.,
for describing the anelastic creep behaviour both from a rheologi-
cal or phenomenological point of view; in molybdenum and its
alloys.
7. Conclusions

A novel method has been presented to analyze relaxation pro-
cesses in terms of the modified relaxation time (MRT) function.
The MRT depends only on the dimensionless distribution function,
Eq. (5), and in consequence is independent of the relaxation
strength and the relaxed modulus. Numerical examples were pre-
sented in this work of the analysis of thermally activated processes
described by Havriliak–Negami function.

It should be highlighted that the slope of the MRT as a function
of temperature, when applied to processes described by the HN
function, is shown to be proportional both to the shape parame-
ters, a and b and also to the activation energy, H.

The MRT procedure was applied to a HN fit of experimental re-
sults of mechanical spectroscopy in high purity single-crystalline
molybdenum, with excellent results. The analysis indicates that
the distribution of relaxation times is symmetrical for peaks below
900 K and asymmetrical at higher temperatures.

The values of a and b parameters calculated as a function of
temperature reveal that the lower temperature relaxation mecha-
nism is different to the higher temperature one. The lower temper-
ature relaxation was related to vacancy-diffusion-controlled
movement of dislocations. The higher temperature peak was re-
lated to a process controlled by diffusion in the low-temperature
tail of the peak, and by the creation plus diffusion of vacancies at
the dislocation line, in the high-temperature tail of the peak.

The use of the MRT for the discrimination of the physical mech-
anisms (and their related parameters) according to the different
temperature ranges, could also be very useful to describe the
results of other tests of technological interest, as in the case of
anelastic creep.
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